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ABSTRACT: We study the branching statistics of hyperbranched polymers formed from a one-pot melt
polymerization of AB monomers via Monte Carlo simulation. To simulate the reaction ensemble, we use a 3D
percolation-type model where each lattice site of a cubic lattice is assumed to be occupied by a single AB
monomer and monomers are only allowed to react with their near neighbors (A reacts exclusively with B). We
also allow the possibility that the reactivity raticof free B groups on linear ABunits to those on terminal AB

units may be different from unity (the so-called “substitution effect”). We study the molecular weight distribution,
fractal structure, loop statistics, and degree of branching as a function of both the fraction of reacted A groups
pa and the reactivity rati@. Forps — 1, we find that the molecular weight distribution of hyperbranched polymers
with different pa and « collapse remarkably well on to a universal curve of the forflN)N,? = A(N/N,)~*
exp(BN/Ny), wheren(N) is the number density of HBPs with degree of polymerizabibandN,, is the weight-
average molecular weight (a function pf andx) while A, B, andz are constants independentmfand«. Our

most accurate determination ofyieldst = 1.32 £+ 0.01, which is significantly different from the mean-field
value ofr = 1.5. This demonstrates the importance of fluctuations in our system. The fractal dimension of HBP
chains in the reaction melt is found to be in excellent agreement with the hyperscaling predictior &
[Buzza, D. M. A.Eur. Phys. J. E2004 13, 79] but significantly different from the mean-field result &f= 4

and the percolation result of = 2.53. We find that the loop distribution obeys the scaling fé&gi] m—*pa™,
whereR;, is the number density of loops with degree of polymerizatioando ~ 3 for all «. Finally, we find
excellent agreement between our simulations and the mean-field predictions for the degree of branching.

1. Introduction of loop formation. This sequential addition model allows one

to produce single molecules of well-defined molecular weight,
and the structures generated using this method have been used
as the starting point for a number of molecular simulation studies
of HBPs* 6 However, the drawback of this method is that it is
not able to capture the effects of polydispersity, steric hindrance,

mixture of randomly branched molecules. Loops may occur . S :

. . . . g and loop formation that are inevitably present in real systems.
when a pair of reacting groups is contained within the same As such. the simulation method of Widmann and Davies
molecule. The properties of hyperbranched polymers have been ’

studied since the seminal work of Floky.There has been a represents a spatially unaware mean-field model.

resurgence of interest in these systems due to the fact that despite The one-pot route has been studied theoretically by many
their random structure, they show many properties which are authors. However, with a few notable exceptién$,most
similar to dendrimerd However, the lower cost of synthesizing ~ Studies also employ the mean-field methé# 2! where non-
hyperbranched polymers means that they are much moremean-field fluctuations are neglected. In the context of randomly
commercially viable compared to dendrimers. Practically, HBPs branched polymers, fluctuations refer to fluctuations in the
have potential applications in areas ranging from fillers for number of characteristic polymers within a characteristic
composite materials to coatings to polymer processing. volume?2223\When these fluctuations become large (relative to

Two routes for producing HBPs that have been widely studied the mean value), intram(_)lecular correlations, loops, and steric
are the slow addition method (i.e., slow titration of AB hindrance also become important. We therefore use the short-

monomers onto preexistingyBores) and the one-pot synthesis hand “fluctuations” to refer to all of these phenomena. Béfzza
method (i.e., melt polymerization of ABnonomers with or has recently shown theoretically that fluctuations are in fact

without By cores). Widmann and Davitsave studied the slow relevant in 3D and cannot be neglected in HBP melts. In this
addition route by simulation using a method where ,AB Paper, we study the one-pot melt polymerization of ;AB
monomers are added sequentially onto;@@e. They assumed ~Mmonomers via Monte Carlo simulation of a 3D percolation-
that the A group of an added monomer can react with any B tyPe model where each lattice site of a cubic lattice is occupied
group of the growing molecule, but not Wi B group on itself ~ PY @ single AB monomer and monomers are only allowed to

or any other added ABmonomer, thus excluding the possibility react with their. near neighbors. Silnce our model is spat.ially
aware, fluctuation effects such as intramolecular correlations,

loops, and steric hindrance are naturally built into our model,

Hyperbranched polymers (HBPs) are highly branched, treelike
molecules formed from reactions betweeni/Afonomers (>
2), where condensation occurs exclusively between the A and
B groups. The product of this synthesis is a highly polydisperse

» Corresponding author. E-mail: L.Richards@leedsmet.ac.uk. and our study therefore goes beyond the mean-field theory
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* University of Hull. studies mentioned above. Note that our simulation scheme is
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rearrangements are not included. In essence, we are thereforenonomer) follows a static scaling form:
assuming that the monomer reaction rate is much faster than

the conformation relaxation time of the molecules. This is N32
generally a good approximation for random branching in the n(N) = 2 exp(—N/Ngp,) 1)
melt state?® char

As mentioned above, there have been a few theoretical studies
of random branching in hyperbranched systems where fluctua- WhereNgnaris the characteristic largest degree of polymerization
tion effects have also been included. Galina ef aave  inthe molecular weight distribution given B¥nar~ (1 — pa)~
performed a Monte Carlo simulation of a 2D percolation type N mean-field theory g is the fraction of reacted A groups).
model with a variable capture radius to mimic the effects of The prefactoNena?? in the equation above is a normalization
diffusion. Our simulation is therefore similar in spirit to the ~constant ensuring the number density obeys the normalization
study of Galina et al. However, BuzZzhas shown that in the ~ condition/n(N)NdN = 1, and the symbol = " denotes equality
non-mean-field regime the large-scale properties of HBPs UP to a dimensionless prefactor (of order unity).
depend critically on spatial dimension. Given that our study is  Flory’s theory is based on the assumption that there are no
performed in 3D while the study of Galina et al. was performed excluded volume interactions and no intramolecular loops and
in 2D, our study is more directly relevant to experimental hence is a mean-field approximation. In reality, however, for
systems. short spacer lengths one cannot neglect these fluctuation effects

Cameron et &2 have presented a 3D Monte Carlo scheme in 3D. This has been demonstrated via computer simulation by
where each monomer is mapped onto several lattice sites. ByCamerof and shown theoretically by Buz2&This means that
employing a bond-fluctuation model, their simulation scheme for small spacer lengths mean-field theory breaks down, and
also in principle includes realistic dynamics of the starting €4 1 is no longer valid. Instead BuZZahas proposed a
monomers and HBP molecules. The resolution of our simulation generalization of eq 1 for the number density in the non-mean-
model is lower compared to that of Cameron et al. since in our field regime
model each lattice site is occupied by a single monomer.

However, while our simulation does not provide realistic N7
information at the monomer scale, we believe that our minimal n(N) = P f (N/Ngpa) 2)
model contains enough of the essential physics to capture the char

large-scale properties of HBP accurately, which is in fact the . o )

primary focus of our study. Some justification for this confi- Where in principle the form of the cutoff functioh(N/Ncha)
dence is provided by the success of the percolation model in May not be exponential and the power law exponemiay be
modeling polymer gelatiofi?>On the other hand, the advantage different from the mean-field value of 3/2. In the non-mean-
of adopting a minimal model (compared to higher resolution field regime, the simple Scallng rglatlmharN (1.— Pa)~% N0
simulations) is that it enables us to simulate larger system sizeslonger holds though obviousNcharis still a function ofpa. In -
and provides us with a fast and convenient way of generating this paper, we seek to determin@s accurately as possible via
realistic starting structures for further molecular simulations. computer simulatiof?

In order to test whether our minimal model indeed captures A universal molar mass distributiéhfor hyperbranched
the essential physics to model large-scale properties of HBPs,polymers can be constructed by multiplying both sides of eq 2
we shall compare our results with the simulations of Cameron bY Nena?. This gives
et al. This comparison will also allow us to assess whether or
not we are justified in neglecting polymer dynamics during the n(N)Nchar2 = (N/Ngpa) T (N/Ngpa) 3)
polymerization process. In addition, we shall also compare our

simulation results with the experimental work of Kunamaneni g, hyperbranched polymers< 2 so thatNy, [ Nenar (S€€ next

et al.?627who reported detailed size exclusion chromatography paragraph). Plottint2n(p,N) vs (N/Ny) for the different extents
results for a series of hyperbranched polyesters formed by co-o¢ reaction should therefore result in the data collapsing onto

condensation of AB monomers (57 mol %) andABonomers | niersal curves. Assuming an exponential cutoff function and
(43 mol %). Nw O Nehas €9 3 becomes

The rest of the paper is organized as follows. In section 2,
we discuss existing theories for the molecular weight distribu-
tion, fractal dimension, loop statistics, and degree of branching
for melt polymerized HBPs. In section 3, we discuss details of
our Monte Carlo scheme and how we handle the data generatedvhereA andB are constants. Fitting the universal curve to eq
from our simulation. In section 4, we compare our simulation 4 therefore provides one method for determining
results with existing theories, the simulation results of Cameron  In terms of the number densityN), the number-averags,,
et al., and the experimental results of Kunamaneni et al. Finally weight-averag®,,, andz-averageN, degree of polymerization
in section 5, we summarize the key conclusions of our paper. are defined by

n(N)N,> = A(N/N,)) " exp(—BN/N,) (4)

2. Theoretical Background

J (NN N

As early as 1952, Floi? showed that the polycondensation N,=—""

of AB; monomers leads to highly branched polymers, and he fn(N) dN

calculated the molecular weight distribution of HBPs using a
statistical approach. Close to complete reactma1, i.e., the
mean-field gel point), one can sh&>that Flory’s derivation
for the number density distributiom(N) (the number of
hyperbranched polymers with degree of polymerizatibper

(5)

J(NN?dN
= 6
J (NN AN ©
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J(NN° dN
N,=———— )
Jn(N)N?dN

Inserting eq 2 into eqs-57, we find for hyperbranched polymers
(r < 2) thatNn ~ Neha? 7, N ~ Nehar @ndN; ~ Nehar for Nepar
> 1. This means that
NW 0 an/(Z*T) (8)

Therefore, plottingNy, vs N, provides an alternative method
for finding .

The fractal dimensiongk, is defined in terms of the degree
of polymerizationN and the radius of gyratioRy via the relation
N ~ Rg%. In systems belonging to the percolation universality
class (e.g., polymer gels within the Ginzburg zone}, 2 and
the fractal dimensiortk is related to the exponentand the
dimensions of space via the hyperscaling relati@h29.30d; =
d(r — 1) for 1 < d =< 6. A similar analysis for the
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attempt is made to form a bond between this A group and a
randomly selected B group on this monomer or at any of its 26
near neighbors, i.e., all the monomers in a cube of length 2

2 x 2 units centered on the first monomer that was selected.
We initially considered six nearest neighbors only but found
that the molecules produced were far too small compared with
what is seen in experimem&2’” The selection of B group is
regardless of whether that B group has already reacted. If the
selected B group has already reacted, then we discard the A
and B group pair selected and choose a new A, B pair using
the procedure described above. If the selected B group is
unreacted, a chemical bond is formed between the selected A,
B pair. This protocol ensured unbiased statistics in our MC
simulation.

The fact that we allow reactions between A and B groups on
the same monomer means that we allow intramonomer loops.
In effect, this means that we assume that the A and B groups
on the same monomer are connected by flexible spacers. This
assumption is similar to that used in the work of Cameron et

hyperbranched polymers using the Ginzburg approach (seeg 89 and Galina et al®2! It is also consistent with the

Buzz&*) shows that hyperbranched polymers do not belong to

experimental system of Kunamaneni et%’ where the 53 mol

the percolation universality class. This leads to hyperbranchedo; ¢ AB monomers effectively acts as spacers. We found that

polymers obeying a modified hyperscaling relation within the
Ginzburg zone given by
d=d, ford=4 (9)
i.e., dr is independent of.
As mentioned earlier, loop formation is important in HBP

the assumption of intramonomer loops was necessary to
reproduce the polydispersity exponemtfound in the experi-
ments of Kunamaneni et &27 (see section 4).

We assume periodic boundary conditions for the 3D cubic
lattice; i.e., the nearest neighbors of monomers lying on the
faces of the 3D lattice are assumed to be the monomers on the

systems. For linear chains formed by the melt polymerization opposite faces. This eliminates the need for consideration of

of linear AB monomers, Jacobson and Stockm&yfeund that
the number density of loop=,, (humber of loops with degree
of polymerization,m, divided by the number of monomers in
the system) obeyed the scaling form

lQm Om “p,"

wherepa is the fraction of A groups that have reacted ang

(10)

5/2. Although eq 10 was derived for linear chains, we shall use

it to analyze loop statistics in our HBP systems by allowing

to be a fitting parameter that characterizes the loop distribution.
An important parameter used to characterize the structure of

HBPs is the degree of branching (DB), which is definetf as

2D

DB = b +L

11)

whereD is the fraction of dendritic ABmonomers (i.e., where
both B groups have reacted) ahdk the fraction of linear AB
monomers (i.e., where only one B group is reacted)., AB

otherwise troublesome boundary monomers. A simulation box
size ofL = 100 was used to obtain all the results in section 4.
In section 3.3, we show that this value lofis larger than the
size of the largest characteristic HBPs, thus ensuring that our
simulations are free from finite size effects. Hoe= 100 and

pa — 1, we typically have of the order of 1@nolecules within

the simulation box, ensuring that we have good statistics for
the molar mass distribution.

In order to vary the topology of the HBPs formed, we vary
the local “chemistry” by assigning a variable reaction probability
to the unreacted B groups. We use the notation of Widmann
and Davie$and define the ratio of reaction probabilities,as
k = P,/P1. HereP; is the reaction probability of an unreacted
B group whose neighboring B group on the same monomer unit
is also unreacted (i.e., a terminal ABnit), andP; is the reaction
probability of an unreacted B group whose neighboring B group
on the same monomer unit is already reacted (i.e., a linear AB
unit). Values ofc = 1 correspond to the so-called “substitution”
effect seen in many chemical systems. We consider three

monomers where both B groups are unreacted are known ascases: x = 1, k = 3 (which leads to a higher degree of

terminal units, denoted T. Widmann and Da¢ieave cautioned

against over interpreting DB since it does not provide an branching). Fork =

branching), andc = Y5 (which leads to a lower degree of
1, we use the simulation procedure

unequivocal measure of the large-scale topology of HBPs. described at the beginning of this section. ker 3, a bond is

Notwithstanding this fact, DB is of considerable interest

formed if the selected (unreacted) B group belongs to a terminal

experimentally because it can be measured directly via NMR unit, while a bond is formed wlita 1 in 3probability if the B
and therefore provides an additional point of contact between group belongs to a linear unit. Fer= /3, a bond is formed if
theory and experiment. In this paper, we shall compare our the selected (unreacted) B group belongs to a linear unit, while

simulation results of DB with the mean-field calculations of
Holter and Frey#

3. Monte Carlo Simulation and Data Analysis

3.1. Simulation Details.The model assumes that each site
in a 3D cubic lattice with box siz& is occupied by a single

a bond is formed wit a 1 in 3probability if the B group belongs
to a terminal unit. Since we are primarily interested in the large-
scale behavior of HBPs, we focus on the regime where the
fraction of reacted A grouppa is close to unity; this is the
regime where large molecules are formed. Specifically, all the
results reported in section 4 are for = 0.96, 0.97, 0.98, 0.99,

AB, monomer. An A group is selected at random, and an and 1.
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In order to estimate the error in the quantities calculated from ZW('OG N)N.2
the simulation data, we run each simulation three times, seeding N, = (16)
the random number generator differently each time. The 277009 NON;
guantities and errors quoted in section 4 are the mean and
standard deviation of the three sets of data thus obtained. z n(log Ni)Ni3

3.2. Number Density, n(N), and Average Molecular N, = 2 17)
Weight. We characterize the molecular weight distribution of 2’7('09 NN

the ensemble via the number density distributidN). In fact,

for practical calculations, it is more convenient to use the
logarithmic number density distribution(log N). Specifically
n(N) dN andn(log N) dN are the number of molecules with
degree of polymerizatioN in the intervalN — N + dN and

where all the summations above are carried out over the
logarithmic bins.

3.3. Radius of Gyration.For each molecule in the ensemble,
we also calculate the radius of gyratidR,, given by

log N —log N + d log N, respectively, divided by the total 11 NN
number of monomers in the system. For a physical slice of the Rgz =__ ZZ(Ri — Rj)z (18)
molar mass distribution, the number of molecules is the same ANGES T

regardless of the distribution function we use, hence
whereN is the number of monomers in the molecule ahd
n(N) dN = n(log N) d log N = n(N) = n(log N)/N andR; are the vector positions of thi¢h andjth monomers,
12) respectively. Since the data are binned logarithmically, depend-
ing on the molecular weight of the molecules, a value which
represents the radius of gyration for any given bin must be used.
For theith bin, we use the-average radius of gyration of all
molecules in theath bin, which is given by

where we have used d(lay) = dN/N to derive the second
equality. From the definitions afi(N), n(log N) we have the
normalization conditions

J(NN AN = [nlog N)N d(logN) = 1 ZNaZjo
2 o
The quantityn(log N) (and hence(N)) is calculated in practice Ry =—— (19)
as follows. To analyze data that ranges in molecular weight ZNaZ
from one to many hundreds, the data are binned logarithmically, o

i.e.,inbin sizes, 1,23, 4-7, 8-15, 16-31, etc. The advantage . . ) ) .
of binning the data in logarithmic bins rather than in linear bins Where the sum is over all the moleculesn theith bin, N, is
is that the full range of molecular weights can be analyzed and the degree of polymerization of molecute and Ryo” is the
plotted, rather than a restricted range as in Cameron &t al. radius of gyration squared for molecuteFinally, the effective
We useN; to represent the average molecular weight ofithe  Correlation length of the system is given by thaveragedy?
bin, whereN; is the geometric mean of the molecular weights for the entire samplé& i.e.

at the bin boundaries, i.é\; = v/(upper bin boundary lower

bin boundary). We denote the number of molecules inithe z n(log N)NRy”

logarithmic bin asy(log N;). The first three bins, containing R, 2_ ' (20)
only very small molecules and unreacted monomers, are g 2

discarded when analyzing the number density distribution but z n(log N)N;

are included in all calculations of the number-, weight-, and '

z-average degree of polymerization of the system. In order to |, order to determine the fractal dimension, we perform a-log
relaten(log N) to n(log N), we note that(log N) is propor_tlon_al log plot of Ry vs N; and Ry, vs Ny, andN,. The value for the
ton(log N), i.e.n(log N) = Az(log N). From the normalization  fractal dimensiongk, can then be determined from the slope of

condition forn(log N), we then find thatA = 1/3 n(log Ni)N;, these plots, since
where the summation is carried out over logarithmic bins.
Therefore Ry ~ N (21)
log N;
n(log N) = % ay o
Zﬂ J - Rgz'\' Ncharlldf ~ Nwlldf ~ NzlldT (22)
and

where we have used the fact thNghar~ Ny ~ N (for Nehar>>
n(log N 1) to obtain the second and third scaling expressions in eq 22.
= = v (14) In order to check the influence of box size on our simulation,
Nizn(log NON, we carried out our simulations on box sizes= 50 andL =

100 and found that the calculated values suchasdd; agreed
where we have used eq 12 to derive eq 14. The number-, with each other to within 1 decimal place. This result is
weight-, andz-average degree of polymerization of the system consistent with the fact that for all our simulations we find that
are defined in terms of(log N) by the discrete versions of eqs  the system correlation lengtRy, is much smaller than the

n(N)

5—7: simulation box sizé (e.g., fork =1, pa = 1, we findRy, =
6.0 forL = 100 andL = 50). This means that finite size effects
277009 NN, are not important, and we are effectively simulating a bulk (i.e.,
= (15) infinite) HBP system. In section 4, we only present the=

" Sn(logN) 100 data.
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Figure 1. Universal curve for reaction ratie = 1, %5, and 3.

o
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3.4. Loop Analysis and Degree of BranchingWe have
calculated the fraction of looped molecules as a function of the
reaction extentpa. We also analyze the distribution of loop - log(N/N,,)
sizes. Since the loop sizes generated by the Monte Carlo
simulation are generally small, we bin loop sizes linearly (rather
than using logarithmic bins as before) and calculate the number 0.1 -

Figure 2. Two- and three-parameter fits of linear region.

density of loops (number of loops with degree of polymerization E 008 - °

m divided by the number of monomers in the systeRy) g 006~ S .,

Finally, we have calculated the degree of branching DB as & g-g; 1 Lok X

defined by eq 11 for different values pf and«. § ol « P gﬁ.x,f :’,&(:‘ %, <

3 X x&g o’ & X

4. Results E :ggi | 2 Parameter Fit ‘....-"' *
4.1. Molar Mass Distribution. In Figure 1 we ploiN,2n(N) B 006 - x 3 Parameter Fit e

vs (N/Ny) for the different extents of reactiopy and for the ~ -0.0% r r .

three different values of: « = 1, Y3, and 3. We see that the 15 -1 0.5 0

data collapse remarkably well onto a universal curve, indicating log(N/N,,)

that the scaling assumption given by eq 1 is obeyed to a very Figure 3. Residuals (fit-actual) v8li/N,.
good approximation and that the number density is universal
with respect to variations ipa andx. In Figure 1 we also show  fitting parameters. The results of this two-parameter fit and the
a fit to the simulation data using eq 4, i.e., assuming the cutoff original three-parameter fit are shown in Figure 2, where we
function to be an exponential and usiAgB, andzr as fitting highlight the power law regime of the ledog plot since
parameters. Note that the data points from high molecular weightdifferences int show up most clearly in this region. Clearly,
bins are very noisy as there are only a few molecules in thesethe two-parameter fit produces a much poorer fit to the data
bins. In order to reduce the impact of these data points on thecompared to the three-parameter fit. This proves that the
fitting, we weighted each data point according to the number exponent cannot have the mean-field valuerof 1.5, and
of molecules in that bin when performing the least-squares fit. instead the three-parameter fit provides a more accurate value
This procedure yielded the fitting parameters: 1.32+ 0.01 for 7.
andB = 0.72+ 0.01, and the resultant fit is shown in Figure To further analyze the validity of the three-parameter fit over
1. We note that the fit to the data is excellent, indicating that the two-parameter fit, in Figure 3 we legdog plot the residuals
the exponential cutoff function is a good approximation to the (fitted data— simulation data) vii/N,.. The graph clearly shows
actual cutoff function. a systematic variation in the two-parameter fit compared with
In order to check for any systematic variations in the fitted a random variation in the three-parameter fit, which provides
values due to variations iy we also fitted the data for different ~ evidence that the three-parameter fit is a more valid method
« separately using the same procedure as for the composite datéor fitting the simulation data.
set (for each¢, we construct a universal curve from data for As a final proof that the three-parameter fit allows us to
differentpa). The results are collected in Table 1 (row denoted determinez accurately, we have studied simulation results
“universal curve”). We note that thevalues obtained for the  obtained from a mean-field percolation model (i.e., where A
differentx agree with each other within error, thus confirming and B groups are allowed to react with equal probability
that to a very good approximation the number density for our regardless of spatial distance between th&t)sing the three-
HBP system is universal with respect to variationsin parameter fitting protocol outlined at the beginning of this
It is well-known that obtaining exponents from Monte Carlo section, we obtain for this system= 1.46+ 0.05, which within
data can be a rather delicate ma#in order to check thatthe  error agrees with the known theoretical valuerof 1.5.
value oft we have obtained above is a faithful reflection of the ~ We note that the value of 1.32 0.01 derived from fitting
data and not an artifact of using too many fitting parameters, to the universal curve is different from the experimental data
we have also performed a two-parameter fit of the data in Figure of Suneel et al® who found r = 1.53 &+ 0.05, and the
1 using eq 4, assuming= 1.5 and usingA andB only as our simulation data of Cameron et 8lwho foundz = 1.488 +

Table 1. Tabulated Results for Calculated Values ot

compositec = 1,13, 3 k=1 « =13 (more linear) x = 3 (more branched)
universal curve 1.320.01 1.27+0.04 145+ 0.11 1.25+ 0.05
universal curveli/Ny, < 0.3) 1.45+0.01 1.42+0.04 1.50+ 0.09 1.444+0.03
n(N;) vsN; for pa = 1 (linear binning) 1.5G6t 0.03 1.50+ 0.02 1.58+0.03

Nw VS Np 1.47+0.03 1.63+0.01 1.284+0.03
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Figure 4. Straight line fit to universal curve whergi/N, < 0.3,
reaction ratioc = 1, %5, 3, andr = 1.45+ 0.01.
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Figure 5. Linear binning of molar mass distributioN; < 50,«x = 1.

1.6 1.8

0.006. However, our analysis method is different from Suneel
et al.26 who plotted the approximately linear region at the low
molar mass end of the universal scaling plot, i.e., whfis,,
< 0.3, and Cameron et &.who log—log plot the first 50
molecular weight bins, binned linearly. To check whether our
results are consistent with these methods, we replicate their
analyses on our simulation data.

In Figure 4, we replicate the analysis of Suneel efand
plot the approximately linear region at the low molar mass end
of the universal scaling plot, i.e., whegN,, < 0.3. This gives
a value oft = 1.45+ 0.01, in close agreement with Suneel et
al. 26 who foundr = 1.534+ 0.05. Note that if we do not allow
intramonomer loops, essentially all monomers become incor-
porated into larger molecules as we approach complete reactio
of the A groups. This causes the monomer concentration to be

n
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7 obtained by fitting the linear region is therefore given by

—_d_y:

=~ =7 +B10(oge)’ ~ 7 + Bllog & (23)

Tapp

Testing eq 23 with the universal curve data fet.5 < log-
(Ni/Nw) < —0.6, we find a value ofap,= 1.45+ 0.01 from a
straight line fit (unweighted) to the data while the calculated
value of 75pp from eq 23 using the fitted parameters of the
universal curve B = 0.72,7 = 1.32) is 1.46. The excellent
agreement between the two values thus confirms that eq 23 is
accurate and there is a nonnegligible contribution from the cutoff
function to the slope of the linear region of the data.

Note that from eq 23 the correction todue to the cutoff
function is always present on a le¢pg plot no matter how
small we go in molecular weightn particular, the correction
is present even for systems witlaho > 1 where there exists a
well-defined linear region of data far from the cutoff function.
Therefore, when trying to determinefrom the universal plot,
we must always include the cutoff function in our fitting. In
this context, it is important to emphasize the exponential cutoff
function that we have assumed gives good fits to the universal
data in Figure 1 and should therefore be a good approximation
to the true cutoff function for our system. This in turn means
that the values of that we have determined from direct fitting
to the universal curves should be a good approximation to the
true value ofr. An additional benefit of using an exponential
cutoff function is that, since this is the same form predicted by
mean-field theory, we can isolate the effect of fluctuations to a
single parameter. Specifically, we can quantify the strength
of these fluctuations by looking at how fadeviates from the
mean-field value ot = 1.5.

Notwithstanding the fact that thevalues obtained by Suneel
et al?6 and Cameron et 8lare probably inaccurate because of
the neglect of the cutoff function, the good agreement between
our results and those of these authors (when the data are subject
to the same method of analysis) suggests that our minimal model
captures the essential physics and microscopic details of these
more complex systems. This gives us confidence that our simple
percolation-type model is capable of producing experimentally

depressed relative to the higher molecular weight species and

leads to a much lower value of= 1.26=+ 0.01. We conclude relevant HBP ensembles. The good agreement also provides a

from this fact that allowing intramonomer loops is closer to POSt hoc justification for using a static percolation model (i.e.,
the experimental systems we are trying to model. where we neglect chain relaxations) to simulate the one-pot melt

In Figure 5, we plot the molar mass distribution binned polymerization of HBPs. Evidently, the experimentally relevant

linearly as in Cameron et &lrather than logarithmically. we ~ '€dime for this system is the so-called equilibrium gelation
note that at the extent of reaction of 100%; i.e., when all A €gime rather than the kinetic gelation regifie.

groups have reacted and each molecule contains one cycle, we FOF the sake of completeness, we have2 also analyzed data
calculate a value of 1.58 0.03 forx = 1, by straight line for different« using the method of Suneel et?dland Cameron

fitting through the data. This is in close agreement with Cameron ©t .7 and we find very weak dependencies of the fittadiues
et al.8 who foundr = 1.488+ 0.006. on « (see Table 1). This confirms our earlier conclusion that

However, we argue that the analyses used by SuneePét al. the number densities are to a very good approximation universal

and Cameron et dlare inaccurate because the slope of their With respect to variations i

plots is affected by cutoff effects, hence yielding an incorrect AN alternative method for determininghat does not require
value for 7. This can be shown as follows. Assuming an Prior knowledge of the cutoff function relies on analyzing the

exponential cutoff, the universal fit function is given by eq 4. scaling ofN,, againsiN, (see eq 8). A si_milar method ha_s been
Taking log (base 10) of both sides of eq 4, we find used successfully to determinéor gelation ensembles (in that

case one analyzes the scaling\gfsragainstN,,).3334In Figure

6, we plotN, vs N, for « = 1. From the slope of the leglog
plot, we find 1.474+ 0.03. We have also repeated this calculation
for other values ok, and the results are summarized in Table
1.

We note that the value= 1.47+ 0.03 determined from the
scaling ofNy, vs N, for « = 1 is significantly different from the
valuet = 1.32 + 0.01 determined earlier from fitting the
universal curve. However, from Table 1, we also note that there

log n(N)N,,> =logA — 7 Iogﬂ g N log e
NW NW

Writing y = log n(N)N,2 andx = log(N/Ny), we have
y=logA — tx — B10'loge

For low molecular weights where< 1, the apparent value of
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Figure 6. Plot of log(Nw) vs log(N»), reaction ratioc = 1.
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Figure 7. di = 2.87=+ 0.08 from 1/slope of logg;) vs log(\i), reaction
ratio x = 1.

is a large variation of with « for r determined from the scaling
of Nw vs N. This is clearly inconsistent with Figure 1, and the
other methods of analysis in Table 1 which all show thét
essentially universal with respect to variationgitWe believe

that the discrepancy arises from the fact that eq 8 is only strictly _Pox sizeL =100

valid in the limit Ngpar>> 1. SinceNcharis Not very large for our
HBPs, the sensitivity o, (and to a much lesser exteNy) to

the lower cutoff mass introduces large systematic errors to the

determination ofr via the scaling ofN,, vs Nj,. Because of the
above problem, we believe that direct fitting of the universal

Macromolecules, Vol. 40, No. 6, 2007
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Figure 8. d; = 2.80+ 0.26 from 1/slope of lodgy,) vs log(Nw), reaction
ratiox = 1.

0.80 ~
0.75 1

0.70 -

log Ry,

0.65 -

0.60 T T 1
1.9 21 23 25
log N,

Figure 9. di = 3.00+ 0.08 from 1/slope of lod’y,) vs log(N,), reaction
ratio x = 1.

Table 2. Tabulated Results for Calculated Values ofk

k=13 k=3
k=1 (more linear) (more branched)
Ry vs N; 2.87+0.08 2.84+ 0.06 2.84+ 0.09
Rgz vs Ny 2.80+ 0.26 2.84+0.19 2.84+0.02
Ryz Vs N, 3.00+ 0.08 3.03+ 0.06 2.92+0.28

we plot Rg? vs N, for « = 1. From the slope of the leglog
plot, we find df = 2.80 + 0.26 andd; = 3.00 + 0.08 from

curve with an assumed form for the cutoff function represents Figures 8 and 9, respectively. The corresponding results for

the most accurate means for determininfpr HBP systems.
In contrast to HBPs, much higher values fy,-are achievable
for gelation systems. In addition, bobtth, and Nchar are much
less sensitive to the lower cutoff mass compareN{¢see eqs
15-17). The corresponding scaling relation betwe&p. vs

= 13 andkx = 3 are also collected in Table 2.

We note that thek results for differenk from the scaling of
Rs” vs Ny, andN, are in very good agreement with each other
and close to the valueé: = 3 predicted by eq 9 (indeed, most
of these results are the samedas= 3 within error). In summary,

Ny therefore serves as a much more accurate means forthe results fods obtained from the scaling d; vs Ni andRy,

determiningr for gelation systems.

To summarize, assuming an exponential cutoff function, our
best estimate for (determined from universal plots) is 1.32
0.01. This is significantly different from the mean-field value
of = 1.5, and we attribute the difference to the importance of
fluctuations (e.g., loops and excluded volume effects) in our
system. A similar effect is observed for percolation clugtets
where mean-field theory predicts= 2.5, but the observed value
for critical percolation ist = 2.18.

4.2. Radius of Gyration.In Figure 7 we ploRg;, the average
radius of gyration of all molecules in thth bin, vsN;, the bin
average degree of polymerization, fer= 1. The fractal
dimensiond; can be determined from the slope of the+tdgg
plot (eq 21) from which we findl = 2.87+ 0.08. The fractal
dimension forx = Y3 and«x = 3 are determined similarly, and
we find df = 2.84+ 0.06 andds = 2.84+ 0.09 forx = /3 and
x = 3, respectively. We note that all these values dpare
very consistent with each other and close to the value 3
predicted by eq 9.

Another method for determining is via the scaling oR?

VS Nehar (€9 22). Recall that in the limighar > 1 Nchar ~ N,
N.. Therefore, in Figure 8 we pl&y? vs N,, while in Figure 9

vs Nw, N; are within error either the same as or very close to
the hyperscaling predictions = 3 (eq 9). Our results are
significantly different from the mean-field prediction df =

4, which once again points to the importance of fluctuations in
our system.

Finally, we note that our simulation results fdrandz are
significantly different from those of percolation theory. Specif-
ically from our simulations, we findk ~ 3 andr = 1.32 +
0.01 (or alternativelys = 2 (see ref 28)) while the correspond-
ing results for percolation theory ade= 2.53 andr = 2.18252°
In an earlier papéf we also showed that the upper critical
dimension for HBPs isd, = 4 compared tod, = 6 for
percolation clusters. These results show that HBPs do not belong
to the same universality class as critical percolation even at or
very close to the mean-field gel point (i.pa = 1).

4.3. Loop Statistics and Degree of Branchingln Figure
10 we plot the fraction of loops vs reaction extent. We see that
full cyclization occurs fopa = 1, consistent with the results of
Cameron et at® The results in Figure 10 provide direct
confirmation that looping is important in our system.

In Figure 11 we ploR./pa™ vs mfor x = 1, whereRy is the
number density of loops with degree of polymerizationThe
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1.0 X do not expect these to have a significant influence on local
. 00 reaction statistics.
8. X
2038 5. Conclusion
s} X
é 0.7 x We have studied the branching statistics of hyperbranched
h 06 % polymers formed from a one-pot mglt polymerization_ of AB
monomers via Monte Carlo simulation of a percolation-type
0.5 : : : : ) lattice model. Specifically, the molecular weight distribution,
95 96 97 98 99 100 fractal structure, loop statistics, and degree of branching were
Reaction Extent studied as a function of both the fraction of reacted A groups
Figure 10. Fraction of loops vs reaction extept, reaction ratioc = pa and the reactivity ratia.
L For po — 1, we found that the number densityN) of
- - 96% hyperbranched polymers_ with differema and « collapse
. s 07% remarkably well onto a universal curve of the fanN)NWZ =
? A(N/Ny)~* exp(—BN/Ny), whereA, B, andt are independent
N = 98% of pa andx. From fitting the universal curve, we find= 1.32
E -4 4 ° 99% £ 0.01, which is significantly different from the mean-field
E3 x-100% value ofr = 1.5 and demonstrates the importance of fluctuations
. in our system. An alternative method for determiningased
on scalingN, vs N, gave values of which varied significantly
7 o 0‘5 . s 2 with «. This variation is inconsistent with our universal curve

analysis which shows that is universal with respect to

! variations inx. We attribute this variation to the fact that the
Figure 11. Number density of loopRy vs m,loop size, reaction ratio characteristic mass of our HBP syst@iis not very large
€=1 so thatN, is very sensitive to the lower cutoff mass. This
introduces significant systematic errors into the analysis which

log(m)

Table 3. DB from Our Simulations Compared to Mean-Field makes the values af determined from thé\,, vs N, scaling
Predictions of Holter and Frey'* (Reported to 3 Significant Figures) unreliable. We therefore conclude that direct fitting of the
our simulation Holter and Fréy universal curve explicitly including the cutoff function represents
«k=1,pa=0.96 0.474H 0.0002 0.480 the most accurate means for determininfpr HBP systems.
k=1,pa=1.00 0.4952+ 0.0001 0.500 Finally, we have analyzed our number density data by fitting
e =13, pa = 0.96 0.2829% 0.0004 0264 the apparent linear region as per the simulation study of
=13 pa =100 0.3087+ 0.000 0.306 Cameron et &2 and the experimental study of Kunamaneni et
k=3,pa=0.96 0.6872+ 0.0004 0.697 o ) _ X
=3, pa=1.00 0.7017 0.0003 0.713 al2627 We find values ofr which are consistent with these

studies t ~ 1.5). We emphasize, however, that these values
data for differentpa collapse onto a single master curve, are probably in error due to the neglect of the effect of the cutoff
indicating that the loop statistics do indeed obey eq 10 (equally function.

- 1

good _collapse was found_ far= 3 and'/s). The slope of the For the fractal dimensiod; of HBP chains in the reaction
plot gives the exponent in eq 10. Note that the data points melt, our results from scalinBy vs N; andRy; vs Ny, N, yield
from high molecular .We'ght blps are very noisy as the'fe ar€ results that are within error either the same or very close to the
only a few molecules in these bins. In order to reduce the impact hyperscaling prediction of Buz#a(dy = 3). Our results are
of these data points on the fitting, we weighted each data point gjgificantly different from the mean-field result df= 4, which

accfordir)g toh thle number of f_mo_:%qules in dthat b'rI‘ d Véher? again shows the importance of fluctuation effects such as looping
]P.ﬁ.r orming t f eaftésggieosog'f 'S_ Erocci ;r§4ieo gl "€ and excluded volume interactions. They are also different from
Iting parameters. = o. 9 10k = 1, 0= 2. ) the percolation result ofy = 2.53, thus confirming the fact

—1 — _ Lo .
for = /s, anc_ia = 3.13+ 0.09 fork = 3, |nd|c_at|ng thatx_ that HBPs do not belong to the same universality class as
is universal with respect te@ to a good approximation. This randomly branched polymers in the percolation class.
value ofa is higher than the value = 2.5 found by Jacobson

and Stockmay@t for linear systems and indicates that there  FOr the loop statistics, we find that the number density of
are fewer large loops in the HBP system. This is reasonable 100PS with degree of polymerization m obeys the scaling form

since looping is more likely in our system due to the large Rm [ M “pa™ with a ~ 3 for all «. This is higher than the
number of terminal groups. valuea = 2.5 found by Jacobson and Stockma&jdor linear

In Table 3, we report values of DB from our simulation for systems, which indicates that looping is more likely in our HBP
different values ofps and « compared to the mean-field SyStem due to the large number of terminal groups compared
predictions of Holter and Frelf.We see that there is excellent 10 linear systems. Finally, for the degree of branching, we find
agreement between simulation and theory across all values oféXCellent agreement between our simulations and the mean-
pa and. In particular, both simulation and theory show that field predictions of Holter and Frelf. We conclude from this
increasinge leads to a significant increase in DB, which is what fact that while fluctuations have a S|gn!f|cant influence on the
one would expect. The close agreement between simulation and@rge-scale structure of HBPs, ¢, etc.), its effect on the local
mean-field theory indicates that while fluctuations have a Structure of HBPs is much smaller.
significant influence on the large-scale structure of HBBs ( The agreement between our results and experiments and
d, etc.), its effect on the local structure of HBPs is much smaller. higher resolution simulation data (when the data are analyzed
This is reasonable since fluctuation effects such as loop in a consistent way) indicates that our minimal model captures
formation are generally larger scale phenomenon. We thereforethe essential physics of real systems and is thus a useful tool
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for constructing realistic HBP structures for further molecular (19) Schmaljohann, D.; Barrat, J. G.; Komber, H.; Voit, BMacromol-

simulations.
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